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The problem of the heat propagation and sublimation of the outer 
surface for a plate of finite thickness is considered in the case of an 
arbitrary dependence of external heat flow on time. The solutions ob- 
tained make it possible to determine the total sublimation time or 
the thickness of the sublimed layer, the temperature distribution in the 
first layer and the mean temperature of the second layer as a function 
of time. 

In [1] we examined  the p rob l em of the heat ing and 
sub l imat ion  of a s emi in f in i t e  rod  for an a r b i t r a r y  de-  
pendence of the heat  flow on t ime.  Now let  the length 
of the rod be sho r t  enough so that  the effect  of the condi -  
t ions  at the upper  end, not exposed to the act ion of the 
ex te rna l  heat  flow, cannot  be neglected.  We a s s u m e  that  
the rod in ques t ion is  in c lose  contact  with another  rod 
made of a m a t e r i a l  with di f ferent  t he rmophys ica l  c h a r -  
a c t e r i s t i c s .  The s ides  of both rods  a re  t h e r m a l l y  i n -  
sula ted,  and, m o r e o v e r ,  the second rod  a lso  has t h e r -  
ma l  insu la t ion  on the end face tu rned  toward f ree  space.  
Thus  the p r o b l e m  of heat  propagat ion  in the s y s t e m  r e -  
duces to solving the o n e - d i m e n s i o n a l  heat  conduct ion 
equation.  The p rob l em is equivalent  to the p rob l e m of 
heat ing (and subl imat ion)  of a two- l aye r  pla te  inf ini te  
in two d i r ec t ions  and exposed to the act ion of a t i m e -  
va ry ing  heat  flow d i s t r ibu ted  over  one of i t s  su r faces  
(Fig. 1). 

Then for the two l aye r s  we have the heat  conduct ion 
equat ions  

�9 O~T~ OT~ 
ai Ox~ Ot =0,  i =  1, 2 . . . . .  (1) 

Fo r  i = i we have ~ -< xl  -< 61, and s i m i l a r l y  for i = 

= 2 ,  6 x-< x i-< 61 +62  . 
The boundary  condi t ions  a re  
a t x l  = 

Ti (~, t) = T r = const, 

OT 1 q(t) q- ~r ~ - - y 1 E ~  = 0, (2) 

and a t x l  = 5i 

Tx (61, l) = T~(6,, t), ~a OT1 = ~ OT2 
Oxl Ox 1 

The boundary  condit ion at x 1 = 6i + 62 wil l  be con-  
s ide red  below. The in i t i a l  condi t ions  a re  de t e rmined  
f rom the solut ion of the p rob l em for a semi in f in i t e  rod  
[1]. Thus,  we have the funct ion g(xl) and the cons tants  
~(0) and ~(0): 

at O ~ x l ~ 8 1  Tl(xl ,  0 ) = g ( x l ) ,  

(0) = 40, T2(xr, 0) = To = const. (3) 

In the gene ra l  case  the re  wil l  a lso be some  t e m -  
p e r a t u r e  d i s t r ibu t ion  other  than that indica ted  in (3) 
in the second rod.  However,  we wil l  a s s u m e  that at 
the in i t i a l  i n s t an t  the t e m p e r a t u r e  of that rod  is  con-  
s tant .  Th i s  c o r r e s p o n d s  to a s s u m i n g  the p r e s e n c e  of 
a h e a t - a s s i m i l a t i n g  l aye r  [1]. Then zero  t ime  wil l  
coincide with the m o m e n t  at which the t h e r m a l  f ront  
r e a c h e s  the boundary  between the two l a ye r s .  F u r t h e r -  
mor e ,  i t  is  a s s u m e d  that sub l ima t ion  on the side of the 
rod exposed to the heat  flow begins  before  the t h e r m a l  
f ront  r e a c h e s  the l aye r  boundary.  

It  follows that the funct ion g(xi) m u s t  sa t i s fy  the con-  
di t ions  

g ( 0 ) = T  r, g(~l)=To.  

A s i m i l a r  p r o b l e m  for  a cons tant  heat flux was con-  
s ide red  in [2], where  it was a s s u m e d  that a sol id ho-  
mogeneous  rod  is subjected  to heat ing and mel t ing  at 
one end. The t e m p e r a t u r e  p rof i l e s  in the solid and 
l iquid phases  a r e  given in the fo rm of quadra t ic  p a r a b -  
olas  with r e s p e c t  to the coordinate  xl. It should be 
noted that if  these  t e m p e r a t u r e  p ro f i l e s  a r e  in t roduced  
in  the same way as in [2], e r r o n e o u s  r e s u l t s  may  be 
obtained.  In fact,  under  the above -men t ioned  condit ions 
the r e q u i r e m e n t s  of the p r ob l e m are  sa t i s f ied  by the 
segmen t s  of pa rabo las  shown in Fig.  2. Obviously,  the 
p ic tu re  p r e s e n t e d  in  Fig.  2 is phys ica l ly  quite un rea l ,  
but in [2] no l imi t a t ions  a re  imposed  on the funct ions  
Ti(Xl, t) that might  exclude the poss ib i l i ty  of such a 
s i tuat ion.  

We shal l  a s s u m e  that the t h e r m a l  conduct ivi ty  of 
the m a t e r i a l  of the second rod  cons ide rab ly  exceeds 
that of the f i r s t .  Then we may  approx imate ly  c o n s i d e r  
that  the t e m p e r a t u r e  of the second rod does not depend 
on the coordina te  xl  and v a r i e s  only with t ime.  In this 
case the boundary  condi t ions  at the junc t ion  of the rods 
take the form: 

at x~ = 6~ 

T~(6x, I)=T~(t),  ~i OT1 --c~Y28~ dT~ (4) 
c)x r dt 

By in t roduc ing  the new coordinate  x = x i - ~, t ied to 
the moving  sub l ima t ion  front ,  we can wr i t e  the heat 
conduct ion equat ion for the f i r s t  rod in the following 
form:  

02Ti , "  OTr OTi =0. (5) 
ar - ~  t ~ Ox Ot 

The boundary  condi t ions  a re  

at x = 0  
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T,(O, t) = Tr, q(t) + ~ aT-----A-' - -  7~ E ~ = 0; 
Ox 

a t  x = ~ - - ~  

T~(~--~,  t )=  T~(t), --X~ OT~ --%y~6~ dT~ . (6) 
Ox dt 

The in i t i a l  condi t ions  do not change. We r e q u i r e  
the sa t i s fac t ion  of Eq. (5) in the mean  for the l a ye r  
6 ~  - ~, for which purpose  we in tegra te  it  with r e spe c t  
to x f rom x = 0 to x = 6~ - ~. Using boundary  con-  
d i t ions  (6), we obta in  the heat  ba lance  equat ion for 

a two- l aye r  wall:  

dTo J~ d 0 q (t) ~ --~-+ - -  6 +  - (7 )  
q dt q ~ 

Here ,  we have introduced t h e  notation 

J1 = E + qTr,  n = c. z y~8o_/c 1 y15~, 

6(0 
off)= .[ T~(x, Odx, (s) 

0 

where  6(t) = 51 - ~(t) i s  the th ickness  of the r e m a i n i n g  
l aye r  of m a t e r i a l .  Moreover ,  it is  a s s u m e d  that ~(0) = 
= 0. A second equat ion r e l a t i n g  the unknowns T2(t) and 
}(t) m u s t  follow f rom the boundary  condi t ions .  

We note  that Eq. (7) is  in tegra ted  in the f ini te  fo rm 

:~(t)= ( q ( t )  d r - -  c~ [n~(T2_To)+O_Oo] .  (9) 
J YI J1 J1 
0 

In accordance  with our a s sumpt ion  conce rn ing  the t h e r -  
m a l  conduct iv i t i es  of the rods  we wil l  fu r the r  a s s u m e  
that at the bounda ry  be tween the l aye r s  the condit ion 

at x = 5 (t) 

OTa - -  0 (10) 
Ox 

is sa t i s f ied .  In this  case  the p r e s e n c e  of a second rod is 
taken into account  only i n the  heat  ba lance  equat ion (9). 

As in the case  of a semi in f in i t e  rod [1] we take the 
t e m p e r a t u r e  prof i le  for 0 -< x - 6(t) in the fo rm of a 
quadra t ic  parabo la .  We do not r i s k  obta ining a p ic tu re  
s i m i l a r  to that shown in Fig.  2, s ince  by condit ion 
(10) we locate  the unique m i n i m u m  of the curve T l(x, t) 
(the ve r t ex  of the parabola)  at the boundary  of the r e -  
gion cons ide red  x = 6(t). Thus ,  

T~(x, t )=  T~(t) + (Tr--T2)[1--x/~(t)l ~. (11) 

Then 0(t) = (T r + 2Tz)6/3,  and Eq. (9) becom e s  

t 

q(t) dt q [ n ~ ( T  2 - T o ) +  
(t) = ~ll J1 - -  J~ 

0 

+ ~ (t) (T r +2Tz)/3-- ~(T~ +2To)/31. (12) 

Equat ion (12) r e l a t e s  to two unknowns ~(t) and T2(t). In 
o rde r  to obtain a second equation in these quant i t ies  

we employ the condi t ion at the sub l iming  su r face  (6), 
whence af ter  subs t i tu t ion  of (!1) we have 

T2 (t) = T r - -  2X---~- q + Vl E ~ , ( 1 3  ) 

C,, ~, cz'~ Iz 
~,, r, a2, r z 

{ 

i I 

r  I 5 
o I 

I , 

Fig.  1. Schemat ic  r e p r e s e n -  
ta t ion of the p rob l em.  

By m e a n s  of this  r e l a t i o n  we e l imina t e  the quant i ty  
T2(t) f rom (12): 

d 6 _ q (t) 3;~ 1 ~XI x 
dt YI E c, YI 6 + 3n 61/2 + ~1 E 

x ( ( 3 n - - 1 ) T  r - - (3n  +2)To + 

q k ,J YI  J161 
0 

( Y x 62 + 3n616/2 . (14) 

x 

F r o m  Eq. (14) we can eas i ly  d e t e r m i n e  the total  sub -  
l ima t ion  t ime  for  the f i r s t  rod t i t .  F o r  th is  pu rpose  we 

mus t  set  5(tfr) = 0; then 

tfr 
q (t) dt = 

0 

CI 

We wil l  f i r s t  cons ide r  the case  of cons tan t  heat  flux 
q = const .  We wr i t e  Eq. (14) in  d i m e n s i o n l e s s  fo rm,  
in t roduc ing  the notation 

6 = 6 (t) = 6 (0/61; 
�9 2 2 .  

"t= t/t fr ' P = 2•1YI Jeff/3qq , 

Jeff = E + q (T r - -  To); k = E/Q (T r --  To). 

Some of these  quan t i t i es  were  used  in [1]. 
Thus,  we obtain 

- - d ~  _- b l ~ ( ~ +  b6) + a (a + be) - ~  

where  

1 (k +1)~7f~ 
bl = 3 k( l  + km) ' 

(16) 
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It '  k + l  \~_ 

ba --- ~ bJ3k;  b 4 = 3k +2;  b~ = - -  3kbl; 

be =3n/2; b7 = - - n b J k ;  Tfr = tfr/p. 

't. r, t) rA,,, ,) / 

o 5 

Fig ,  2. P o s s i b l e  t e m p e r a t u r e  
in a t w o - l a y e r  wal l  when given 
by s e g m e n t s  of p a r a b o l a s :  
1) t h e r m M l y  in su l a t ed  s u r f a c e  
in the s ec t ion  xl = 6i + 62; 
2) cons tan t  t e m p e r a t u r e  at  the 

s u r f a c e  xl = 5~ + 62. 

Here ,  the p a r a m e t e r  m c h a r a c t e r i z e s  the t i m e  T of 
hea t ing  and sub l ima t ion  of the f i r s t  r o d  up to a r r i v a l  of 
the t h e r m a l  f ron t  a t  the boundary  be tween  the l a y e r s  
and, in a c c o r d a n c e  with [1], i s  found f rom the equat ion 

6 (~c) = (1 + km) 66. 

In d e r i v i n g  Eq. (16) i t  was  a s s u m e d  tha t  a t  the 
m o m e n t  of a r r i v a l  of the t h e r m a l  f ront  at  the boundary  
be tween the l a y e r s  the  t h i cknes s  of the h e a t - a s s i m i l a t -  
ing l a y e r  [1] and the t h i cknes s  of the f i r s t  l a y e r  ( length 
of r o d  exposed  to the e x t e r n a l  hea t  flux) co inc ide .  The 
in i t i a l  condi t ion  for  Eq. (16) i s  5(0) = 1. We wi l l  f ind 
the so lu t ion  in the fo rm of a power  s e r i e s :  

6(t)=l-}-  ~ c ~ )  i, O - ~ t < l .  
i = t  

(17) 

Subst i tu t ing  (17) in Eq. (16) and equat ing  the coe f f i -  
c i en t s  of l ike p o w e r s  of the v a r i a b l e  t on the lef t  and 
r i g h t  s i d e s ,  we obtain 

c~ ---- bx + (b z + b3b 4 + bT)/(l+ b6); 

ce == 0.5 [q (2 + b,,) (b 1 - - Q )  + b2Q - b3bs]/( l + b6); 
i - - 2  

1 b r (2 + b6) + E c i c ' - i - 1  Ci 
i (1 + be) 

i = t  . , 

i--I i--i--1 

1=1 s = l  

i = 3, 4 . . . . .  (18) 

The ques t ion  of the condi t ions  n e c e s s a r y  and suf f i -  
c ien t  to e s t a b l i s h  the r a d i u s  of conve rgence  of s e r i e s  
(17) i s  s t i l l  not  c l e a r .  The fac t  is  that  the coef f i c ien t s  
of the s e r i e s  depend  on each  o the r  in a c o m p l i c a t e d  
way: each  s u c c e s s i v e  coef f ic ien t  is  e x p r e s s e d  in t e r m s  
of a l l  the p r e c e d i n g  ones .  

By d i r e c t  ca l cu l a t i on  i t  i s  e a s y  to e s t a b l i s h  that  at 
s m a l l  va lues  of the p a r a m e t e r  n ( roughly  n ~ 1) the 
r a d i u s  of conve rgence  of s e r i e s  (17) i s  c l o s e  to unity.  
C o m p a r i s o n  of the r e s u l t s  of ca l cu l a t i ng  5(t) f r om (17) 
wi th  the da ta  ob ta ined  by so lv ing  Eq. (16) n u m e r i -  
c a l l y  on a c o m p u t e r  i n d i c a t e s  that  a c c e p t a b l e  a c c u r a c y  
can be  ach ieved  by keep ing  the f i r s t  3 - 5  t e r m s  of the 
s e r i e s .  

As  n i n c r e a s e s ,  the  r a d i u s  of conve rgence  d e c r e a s e s  
and at  n = 6.5 ( m a x i m u m  va lue  of n c o n s i d e r e d )  i s  ap -  
p r o x i m a t e l y  0 .4 -0 .45 .  Ca lcu la t ions  w e r e  made  for  k = 
= 1.7565, m = 1. F r o m  Eq. (15) on going over  to d i -  
m e n s i o n l e s s  p a r a m e t e r s  with m = 1 we obta in  for  t f r  
the  e x p r e s s i o n  

tfr = (3n + 3k + 2)/(k + 1). (19) 

The r e s u l t s  of ca l cu la t ing  6(t) for  a s e r i e s  of v a l u e s  
of the p a r a m e t e r  n a r e  p r e s e n t e d  in F ig .  3a.  M o r e o v e r ,  
the s a m e  f igure  shows the r e s u l t s  of a n u m e r i c a l  so lu -  
t ion of the s t a r t i n g  s y s t e m  of equat ions  on a c o m p u t e r .  
At s m a l l  va lue s  of n the r e s u l t s  of ca l cu la t ing  5(t) by 
d i f f e ren t  me thods  a r e  in quite good a g r e e m e n t .  

Now, so lv ing  Eq. (12) for  the t e m p e r a t u r e  of the 
second  l a y e r  T2(t) and going ove r  to d i m e n s i o n l e s s  
quan t i t i e s ,  we have 

r 2 ( t ) - - T  o 1 1 [ b j - - b ~ ( 1 - - 6  (t))]. (20) 
T r - - T  o 2 b 6 + 6 ( t )  

The t e m p e r a t u r e  d i s t r i b u t i o n  in the f i r s t  l a y e r  is  
d e t e r m i n e d  f r o m  e x p r e s s i o n  (11), w h e r e  the th i ckness  
of the l a y e r  6(t) is  c a l c u l a t e d  f r o m  (17). 

Thus ,  for  q = cons t  the  p r o b l e m  is  c o m p l e t e l y  
so lved .  In Fig .  3b we p r e s e n t  the r e s u l t s  of a c a l c u l a -  
t ion of (T z - T0)/(T r - To) a s  a function of d i m e n s i o n -  
l e s s  t ime .  The ca l cu l a t i ons  w e r e  made  both by us ing  
the a p p r o x i m a t e  solut ion obta ined  above and by i n t e -  
g r a t i n g  the  s t a r t i n g  s y s t e m  of equa t ions  (1) and (2) by 
the  method  of f ini te  d i f f e r e n c e s  on a c o m p u t e r .  It is  c l e a r  
that  the a p p r o x i m a t e  ca l cu la t ion  of the t e m p e r a t u r e  of 
the  second  l a y e r  T2(t) c o r r e c t l y  r e f l e c t s  the  qua l i t a t ive  
p i c t u r e  of the hea t ing  p r o c e s s .  R e l a t i v e l y  l a r g e  d e v i a -  
t ions  f r o m  the n u m e r i c a l  so lu t ion  a r e  o b s e r v e d  on the 
i n i t i a l  i n t e r v a l .  Th is  is  a t t r i bu t a b l e  to the fac t  that  at  
the ou t se t  the  a p p r o x i m a t e  r e p r e s e n t a t i o n  of the h e a t -  
ing p r o c e s s  in the f o r m  of a f in i te  h e a t - a s s i m i l a t i n g  
l a y e r  has  a c o n s i d e r a b l e  effect .  Th i s  e f fec t  i s  m o r e  
s t r o n g l y  m a n i f e s t e d  at  s m a l l  va lue s  of n. 

Since us ing  the so lu t ion  of Eq. (16) in f o r m  (17) is  
r a t h e r  c o m p l i c a t e d  owing to the c l u m s i n e s s  of e x p r e s -  
s ions  (18) for  the s e r i e s  coe f f i c i en t s ,  i t  i s  wor thwhi le  
to c o n s i d e r  the fo l lowing a p p r o x i m a t i o n  of 5 = 5(t): 

(t) = (1 --T) ~ , (21) 

w h e r e  

Taking the quant i ty  5(t) in th is  f o rm  e n s u r e s  that  the 
i n i t i a l  and f inal  va lue s  of the unknown funct ion co inc ide  
with 3(0) = 1, 5(1) = 0 and tho in i t i a l  va lue  of the r a t e  
of d i s p l a c e m e n t  of the sub l ima t ion  f ron t  with d~ /d t  = 
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T z -  To I 
. ~ ~-~o I b Z /  

n = O  

i i  0 . 6  " �9 
- - -  

0 0.2 0.# 0.6 0.8 LO 0 0.2 0.4, 0.6 0,8 

Fig. 3. Compari~son of the results  of an approximate calculation of 
the values of ~ (t) and (T~ - T0)/(T r - To) at q = const and the data 
of a numerical  solution: 1) approximate solution; 2) numerical so-  
lution of Eq. (16); 3} numerical solution of the starting system of 

equations. 
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o 

Fig. 4. Thickness of f i rs t  layer and 
temperature of second layer as a 
function of time for a variable heat 
flux: solid l ines--approximate 
solution; dashed l ines--numerical  
solution for a semiinfinite rod : I )  
for (T z - T0}/(T r - To), II) for ~, 

III) for q + i. 

O,2 0.4 O.6 Qa /.o 
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= ~0, and a l so  g ives  s a t i s f a c t i o n  of the condi t ion  d t  <,  
< 0 which fo l lows f r o m  the p h y s i c a l  p i c t u r e  of the  
p r o c e s s .  Us ing  the e x p r e s s i o n  ob ta ined  in [1] for  ~ = 
= ~(m) and going over  to d i m e n s i o n l e s s  p a r a m e t e r s ,  i t  
i s  e a s y  to show that  

[3=ffr  k + i  2 k m + m - - k  
3 (1 + kin) ~ 

At m = 1 we obta in  /3 = ~ f r / 3 .  By a d i r e e t  s i m p l e  c a l c u -  
l a t ion  i t  can  be e s t a b l i s h e d  that  e x p r e s s i o n  (21) qui te  
a c c u r a t e l y  a p p r o x i m a t e s  the  r e a l  r e l a t i o n  at  s m a l l  
v a l u e s  of the p a r a m e t e r  n. It m a y  be a s s u m e d  that  th i s  
ho lds  r ough ly  up to n = 1 . 5 - 2 .  At l a r g e r  n the p r o p o s e d  
f o r m u l a  g ives  only a qua l i t a t ive  p i c t u r e  of the event .  

We wi l l  now c o n s i d e r  the  c a s e  of a v a r i a b l e  hea t  
f lux at  the  b o u n d a r y  q = q(t). We r e p r e s e n t  th i s  func-  
t ion in the  f o r m  

q(t) = qo + q~ (t), (22) 

w h e r e  the  s u b s c r i p t s  denote  the  hea t  f low to the s u r f a c e  
of the body at  the m o m e n t  of a r r i v a l  of the t h e r m a l  
f ron t  at  the b o u n d a r y  be tween  the two m e d i a  (t = 0) and 
the  subsequen t  dev i a t i ons  of the hea t  f lux f r o m  the i n -  
d i ca t ed  va lue .  

We sha l l  find the so lu t ion  of Eq. (14) for  q(t) f r o m  
(22) in the f o r m  of a sum 

(t) = 6~ (t) + 6~ (t). 

The f i r s t  t e r m  on the r i g h t  s ide  of th is  equat ion is  
the so lu t ion  of Eq. (14) at  cons tan t  hea t  f lux q = q0, 
the second,  the dev ia t ion  of the so lu t ion  f rom the 
s t e a d y - s t a t e  va lue  fo r  an a r b i t r a r y  hea t  flux. 

We a s s u m e  that  1 62(t) I << 61(t). Then,  expanding the 
e x p r e s s i o n s  

1 1 
and 

1 + 6~ (O& (0 1 + 8~(t)/(6~ (t) + b~) 

in s e r i e s  as  in f in i t e ly  d e c r e a s i n g  p r o g r e s s i o n s  and 
r e s t r i c t i n g  o u r s e l v e s  to t e r m s  conta in ing  the d e n o m i -  
n a t o r s  of the p r o g r e s s i o n s  in p o w e r s  not  h ighe r  than 
the f i r s t ,  a f t e r  going ove r  to d i m e n s i o n l e s s  p a r a m e t e r s  
we have the equat ion 

w h e r e  

df (h/d-t -~ - -  S~ (t) f (t) + S~ (0, (23) 

s,  (7) = ( ~  + a6) b3_(b4 -_ bf) + b~ ,~ 
6 ~ (~ + b6) ~ 

Y 
02 b~b~ ~8+o6 y~d?, 

+ (g + b6)' 6 3 (6 + b6) 3 
0 

b'~b5 ; - _ 
$2 (t) = b~-q---6 (6 + 061 q dt; 

0 

q-= ql (t)/qo; ~ =  8,(0/81, iS )  = ~2(t)/~. 

As be fo r e ,  the to ta l  sub l ima t ion  t i m e  of the l a y e r  61 
i s  g iven by Eq. (15), and i n s t e a d  of q = cons t  we 
e v e r y w h e r e  i n t roduce  the quant i ty  q0. 

By def in i t ion  f{0) = 0. Then the so lu t ion  of Eq. (23) 
i s  the funct ion 

"7 -7 
= oxp [ -S  S x 

0 0 

-7 

• oxp ( 2 4 )  

0 

Now, us ing  the r e l a t i o n  be tween  ~(t) and 6(t), i t  i s  
e a s y  to d e t e r m i n e  the t ime  dependence  of the s u b l i m e d  
l a y e r  and, us ing  e x p r e s s i o n  (12), f ind the t e m p e r a t u r e  
of the seeond  l a y e r  (rod):  

T, (t)-- To _ 

rr-To 

1 1 [ b5 -i = - 2  boq--6(O b f ( l + q ) d t - - b 4 ( 1 - - 6 ( t ) ) ]  . (25) 

The  t e m p e r a t u r e  d i s t r i b u t i o n  a long the length of the 
f i r s t  r od  i s  a p p r o x i m a t e l y  d e s c r i b e d  by r e l a t i o n  (11). 

Thus ,  the p r o b l e m  of the s u b l i m a t i o n  and hea t ing  
of a t w o - l a y e r  r o d  (or p la te )  with an a r b i t r a r y  hea t  
flow a t  the bounda ry  has  been  a p p r o x i m a t e l y  so lved .  
The so lu t ion  i s  p r e s e n t e d  in the f o r m  of q u a d r a t u r e s  
(24), (25). 

I t  should  be noted that  under  c e r t a i n  condi t ions  
c o m p l e t e  sub l ima t ion  of the f i r s t  r o d  m a y  not  be 
ach ieved .  Th i s  m a y  happen if the hea t  flow to the body 
f a l l s  to z e r o  b e f o r e  the  r o d  in ques t ion  has  evapo ra t ed .  
In t h i s  c a s e  i n s t e a d  of t f r  i t  i s  n e c e s s a r y  to u s e  
ano ther  c h a r a c t e r i s t i c ,  for  example ,  the  p a r a m e t e r  p. 
Th i s  does  not  r e q u i r e  any s ign i f i can t  changes  in the 
so lu t ion .  

F i g u r e  4 p r e s e n t s  the r e s u l t s  of a ca lcu la t ion  of the 
sub l ima t ion  and hea t ing  of a t w o - l a y e r  s y s t e m  ( rods  or  
p l a t e s )  for  a v a r i a b l e  hea t  flow at  the boundary .  The 
ca l cu l a t i ons  w e r e  made  for  k = 1.7565, n = 0 and n = 
= 0.5. In th is  c a s e  the quant i ty  61(t) was  c a l cu l a t ed  
us ing  a p p r o x i m a t i o n  (21). F o r  c o m p a r i s o n  the s a m e  
f i gu re  p r e s e n t s  the r e s u l t s  of a ca l cu la t ion  of the th i ck -  
n e s s  of the sub l iming  l a y e r  for  a s emi in f in i t e  r o d  ob-  
t a ined  by n u m e r i c a l  so lu t ion  of the  c o r r e s p o n d i n g  s y s -  
t em of equa t ions  [1] on a c o m p u t e r .  It i s  c l e a r  that  at  
n ~ 0 the l a y e r  of m a t e r i a l  s u b l i m e s  m o r e  r a p i d l y  in 
the c a s e  of a r o d  of f in i te  length.  On the o the r  hand, 
even at  n ~ 0.5 the ef fec t  of hea t  t r a n s f e r  to the second  
l a y e r  i s  so g r e a t  that  to ta l  sub l ima t ion  of the f i r s t  rod  
o c c u r s  much  l a t e r  than o b s e r v e d  for  the s a m e  amount  
of sub l ima t ion  of a s e m i i n f i n i t e  rod .  

The p r o p o s e d  a p p r o x i m a t e  method  of so lv ing  the 
p r o b l e m  of hea t ing  and sub l ima t ion  of a t w o - l a y e r  
p l a t e  ( rod)  m a y  p rove  usefu l  for  e s t i m a t i n g  p u r p o s e s .  

NOTATION 

c i s  the  spec i f i c  hea t  of the m a t e r i a l ;  3' i s  the den-  
s i ty  of m a t e r i a l ;  X i s  the t h e r m a l  conduct iv i ty ;  a is  the 
t h e r m a l  d i f fus iv i ty  of the m a t e r i a l ;  E i s  the la tent  hea t  
of sub l ima t ion  of the m a t e r i a l ;  6 i s  the t h i cknes s  of the 
l a y e r  of m a t e r i a l  ( length of rod);  t i s  the t ime ;  x I i s  
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the c o o r d i n a t e  d i r e c t e d  f r o m  outs ide  s u r f a c e  into the  
i n t e r i o r  of the wal l ;  ~(t) i s  the coo rd ina t e  of the sub -  
l i m a t i o n  f ront ;  ~(t) = d } / d t  i s  the v e l o c i t y  of the s u b -  
l i m a t i o n  f ront ;  T(xl ,  t) i s  the t e m p e r a t u r e ;  q(t) i s  the 
amount  of hea t  supp l i ed  to the unit  s u r f a c e  a r e a  in a 
unit  t ime .  The  s u b s c r i p t s  1, 2 denote  tha t  the c h a r a c -  
t e r i s t i c s  c o r r e s p o n d  to the  f i r s t  and second  l a y e r s  
( rods ) ,  r e s p e c t i v e l y .  
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